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Abstract 

In the literature, there are several hybrid models of quantum finite automata 
(QFA) which are distinguished from other QFA models by consisting of two in- 
teractive components: a quantum component and a classical one, accompanied 
with possible communication between them. These hybrid models are of partic- 
ular interest, which is reflected at least by the following two points, (i) They are 
more realistic than fully quantum models, since using the current technology, 
large-scale quantum processors are still a long term goal, whereas building a 
hybrid model augmented with a small number of qubits is relatively easy, (ii) 
Hybrid models usually save efficiently states by being augmented with a small 
number of quantum states, and it is thus meaningful to construct a hybrid model 
for a practical problem (language) with a desired trade-off between quantum 
and classical states. Consequently, it is relevant to characterize the structure of 
these models in an intuitive way and to clearly clarify the relationship between 
these models and others. All these are helpful for well understanding hybrid 
models and for achieving an instruction to construct these models. Hereby, we 
would like to do that in this paper. First, we characterize the structure of these 
hybrid models in a uniform framework: a hybrid model can be regarded as a 
communication system consisting of two components, and the communication 
between them can be modeled by controlled operations. By doing so, we pro- 
vide an intuitive insight into the structure of hybrid models. Second, we clarify 
the relationship between these hybrid models and some other quantum models. 
Specifically, we show that the existing hybrid models of QFA can be simulated 
exactly by QFA with quantum operations, which in turn has close relationship 
with two early proposed models: anciall QFA and quantum sequential machines. 
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1. Introduction 



Quantum finite automata (QFA), as a theoretical model for quantum com- 
puters with finite memory, have interested many researchers (e.., see [1-7, 9-11, 
13-18, 20-24,26]). So far, a variety of QFA have been proposed and they dif- 
fer from each other mainly by three factors: 1) the moving direction of the 
tape head, 2) the property owed by the state evolution, and 3) the observation 
policy. The three factors and their impact on QFA's computational power are 
elaborated in the following. 

Firstly, according to the moving direction of the tape head, we have two 
classes of QFA: one-way QFA (1QFA) where the tape heads are required to 
move right on scanning each tape cell and two-way QFA (2QFA) where the 
tape heads are allowed to move left or right, and even to stay stationary^ 
While 1QFA were shown to recogniz^l languages no more than regular languages 



13j , 2QFA were shown to be able to recognize non- regular languages [4, 



For example, KW-2QFA (named after Kondacs and Watrous, the authors who 
defined this model) were proved to recognize not only all regular languages, but 
also some non-regular languages in linear time llj. Even if not equipped with 
fully quantum power, a variant of KW-2QFA, named two-way quantum finite 
automata with quantum and classical states (2QCFA, for short), is still powerful 
enough to recognize some non-regular languages [4[. The two 2QFA models 
mentioned above are more powerful than their classical counterparts — two-way 
probabilistic finite automata (2PFA). 

The second factor affecting QFA's definition is the property owed by the 
state evolution. In early references, QFA's evolution is generally assumed to be 
described by unitary operators, in accord with the postulate of quantum me- 
chanics that the evolution of a closed quantum system is described by a unitary 
transformation. Later, it was realized that a QFA need not be a closed system, 
can interact with the environment, and thus the evolution of a QFA should 
be described by general quantum operations (i.e., trace-preserving completely 
positive mapping), instead of being limited to unitary operators (see Hirven- 
salo [9! [Io|). Afterwards, QFA with quantum operations were further explored 



1 There is a model called 1.5QFA where the tape heads are allowed to move right or stay 
stationary on scanning a tape cell Q. 

2 In this paper, recognizing a language always means recognizing a language with bounded 
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by Li et al [13( and Yakaryilmaz et al [26|. QFA with quantum operations 
have been thought to be a right definition for QFA, since they possess nice clo- 
sure properties and have a competitive computational power with their classical 
counterparts. For instance, 1QFA with quantum operations are as powerful as 
deterministic finite automata (DFA), but 1QFA with unitary operators are less 
powerful than DFA 13 1. 

A thing seeming ignored by us but worth mentioning is that before the work 

of BE3, 

a QFA model named ancilla QFA had been proposed in [21] . Ancilla 
QFA actually represent the same model as 1QFA with quantum operations, but 
in different forms. This will become clearer in later sections after a little analysis. 
Interestingly, the authors of 20| presented an application of QFA to quantum 
interact proof systems (QIP systems) where there was a result asserting that 
each regular language can be recognized by a QIP system that takes a 1QFA as a 
verifier ( 20[, Proposition 4.2). In fact, when referring to the proof of that result, 
on can find that the QIP system constructed to recognize a regular language is 
essentially an ancilla QFA. More interestingly, an ancilla QFA can be regarded 



as a quantum sequential machine 22|, |14J, assigned with some accepting states. 



The relationship among these models will be elaborated in later sections. From 
the above it follows that the model of QFA with quantum operations had indeed 
been implied in early references, but only very recently started to attract the 
deserved attention from the academic community. 

The observation policy is the third factor to be considered when defining 
a QFA model. If one wants to determine whether a QFA is in an accepting 
state, an observation should be performed. Thus, we have two policies: i) 
measured-once where a measurement deciding to accept or reject is performed 
after the whole input string has been scanned, and (ii) measured-many where a 
measurement deciding to halt (accept or reject) or continue is performed after 
scanning each input symbol. One of motivations for considering the observation 
policy as a factor mainly stems from the result that measured-many 1QFA(MM- 
1QFA) proposed by Kondacs and Watrous|ll| are more powerful that measured- 
once 1QFA (MO-1QFA) proposed by Moore and Crutchfield Thereby, a 
large body of work has been devoted to characterize the model of MM-1QFA, 
and furthermore when defining a new QFA model, one often follows this line: 
define a measured-once version accompanied with a measured-many version. 
However, many times of measurements do not always lead to enhancement on 
the computational power. For instance, for the model of 1QFA with quantum 
operations, the measured-many version has the same computational power as 
the measured-once version [3]. 
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As we know, the speedup of Shor's algorithm for factoring large integers 
stems from quantum superposition. So, what should be responsible for the 
power of QFA? As shown above, we assert that: (i) on one hand, quantum 
superposition has not offered any additional computational power to 1QFA, 
since 1QFA with unitary operators are less powerful than DFA, and even if 
equipped with quantum operations, 1QFA has only the same computational 
power with DFA; (ii) on the other hand, quantum superposition in conjunction 
with the freedom of the tape head moving in two ways has indeed enhanced the 
computational power of 2QFA, since 2QFA are shown to be more powerful than 
1QFA and even than 2PFA. 

By the above discussions, if one wants a powerful QFA, it should be a 2QFA. 
However, fully quantum models such as KW-2QFA are not so desirable, since 
to implement such a machine, we need at least Oilogn) qubits to store the 
position of the head (where n is the length of the input). In contrast, the hybrid 
model — 2QCFA seems to be of more interest, since this model is more realistic 
than 2QFA, but without loss of computational powerQ On the other hand, 
although 1QFA possess no advantage over their classical counterparts in the 
computational power, they still exhibit advantages in other aspects, e.g., in state 
complexity. For example, Ambainis and Freivalds [l| showed that there exists 
a language such that a 1QFA recognizing it is exponentially smaller than any 
equivalent classical automata. In addition, theoretical problems regarding 1QFA 
are relatively easy to investigate, whereas 2QFA are difficult to characterize. 
Therefore, 1QFA are still an appropriate starting point to the study of quantum 
computing models. 

In the above, there are a class of QFA that have not been sufficiently men- 
tioned, that is, hybrid models which are distinguished from other QFA models 
by consisting of a quantum component and a classical component, accompa- 
nied with possible communication between them. For example, the model of 
2QCFA studied by Ambainis and Watrous [4J is such a hybrid model. In this 
model, the tape head's movement is regulated by a classical transition function, 
which leads to that 2QFCA are more realistic, but without loss of computational 
power. Also note that the quantum Turing machine model studied by Watrous 



25| is also a hybrid model which can be seen as the classical Turing machine 



model augmented with a quantum component. 

Another hybrid model is the one called one-way quantum finite automata 



1 Although no formal proof shows that 2QCFA are as powerful as 2QFA, the already known 
results show that 2QCFA are powerful enough to outdo 2PFA. 
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with control language (CL-1QFA, for short) proposed by Bertoni [6]. In a CL- 
1QFA, on scanning an input symbol, a unitary operator is first applied to the 
current quantum state and in succession a projective measurement is performed. 
Thus, a CL-1QFA fed with an input string x will finally produce a sequence y 
of measurement results with a certain probability. The input string x is said 
to be accepted if y is a given regular language (i.e., the control language). At 
first glance, the behavior of CL-1QFA looks very strange. However, after a 
simple analysis in later sections, it can be seen that a CL-1QFA is a natural 
hybrid model. In Q, it was shown that the languages recognized by CL-1QFA 
are in the class of regular languages. Furthermore, [3| showed that CL-1QFA 
recognize exactly the class of regular languages, and for some regular languages 
CL-1QFA can be more succinct (i.e., have less states) than DFA. 



Very recently, Qiu et al [24J proposed a new hybrid model called 1QFA to- 
gether with classical states (1QFAC, for short) that exhibits some interesting 
properties. A 1QFAC consists of a quantum component and a classical compo- 
nent. On scanning each input symbol, the evolution of the quantum component 
is represented by a unitary operator determined by the current classical state 
and the currently scanned symbol. The classical component is represented by 
a DFA. After the whole input string has been scanned, a (projective) measure- 
ment determined by the final classical state is performed on the final quantum 
state, giving the accepting and rejecting probabilities. In [24]], it was shown that 
IQFAC recognize exactly the class of regular languages and can save exponential 
states compared with DFA for a family of languages . 

Indeed, these hybrid models stated above are of particular interest and wor- 
thy of further consideration, which is reflected at least by the following two 
points. 

(i) Hybrid models seem to be more realistic than fully quantum models in 
that (a) using the current technology, large-scale quantum processors are 
still a long term goal, whereas building a hybrid model augmented with 
small numbers of qubits is relatively easy, and (b) in hybrid models, the 
tape head's movement can be regulated by the classical function. 

(ii) As shown above, hybrid models often save states by being augmented with 
a small number of quantum states. Therefore, it is significant to construct 
a hybrid model for a practical problem (language) with a desired trade-off 
between quantum and classical states. 

Consequently, it is relevant to characterize the structure of these models in 
an intuitive way and to clearly clarify the relationship between these models 
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and others. All these are helpful for well understanding hybrid models and for 
achieving an instruction to construct these models. Taking these into account, 
in this paper we will reinvestigate the hybrid QFA models mentioned before. We 
will characterize the three existing hybrid models in a uniform framework: each 
hybrid model can be regarded as a communication system consisting of a quan- 
tum component and a classical component, and the communication between the 
two components can be modeled by controlled operations. The three models dif- 
fer from each other mainly by the allowable communication: (1) in a CL-1QFA, 
communication is allowable from the quantum component to the classical one, 
(2) in a 1QFAC, communication is allowable in the opposite direction, and (3) 
in a 2QCFA, two-way communication is allowable. Despite these difference, we 
will show that CL-1QFA, 1QFAC and the one-way version of 2QCFA can all 
be simulated exactly by 1QFA with quantum operations. These characteriza- 
tions for one-way hybrid models can also be extended to their two-way versions. 
1QFA with quantum operations actually represent the same model as another 
early proposed model — Ancilla QFA, which in turn can be regarded as quan- 
tum sequence machines assigned with some accepting states. In summary, our 
contributions in this paper are to provide an intuitive insight into the structure 
of three existing hybrid models and to clearly clarify the relationship between 
these hybrid models and some other quantum models. Some results in the liter- 
ature concerning the language recognition power and the equivalence problem 
of these hybrid models follow directly from this paper. Our work provides a new 
angle of view to hybrid models of QFA, and we believe that this is helpful for 
well understanding these quantum models and may illuminate further study. 

The reminder of this paper is organized as follows. Some preliminaries are 
presented in Section[5J In section[31 we introduce controlled quantum operations 
that will be used in later sections. Section 0] is the main part of this paper 
where the structure of three hybrid models of QFA is characterized and the 
relationship between these hybrid models and other models is clarified. Some 
other interesting points are also clarified there. Some conclusions are made in 
Section [5] 

2. Preliminaries 

Some notations and notions to be used in this paper are explained here. 
Others will be explained as they appear in the first time. 
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2.1. Preliminaries from linear algebra and quantum theory 

Generally, we use H. to denote a finite-dimensional Hilbert space. Let L(T~L) 
denote the set of all linear operators from H to itself. In this paper, when 
referring to an operator, we always means a linear operator. A*, and A T 
denote respectively the conjugate, the conjugate-transpose, and the transpose 
of operator A. Tr(A) denotes the trace of operator A. An operator U £ L{H) 
is said to be unitary if U*U = UU^ = I. Given two Hilbert space Hi and H2, 
a mapping $ in this form: L('Hi) — > Li^i-i) is called a super-operator. 



The detailed background on quantum information can be referred to 19j, 
and here we just introduce briefly some necessary notions. According to the 
postulates of quantum mechanics, the state of a closed quantum system is rep- 
resented by a unit vector \ip) in a Hilbert space H, and the evolution of a closed 
quantum system is described by a unitary operator on %. A more general tool 
to describe the state of a quantum system is the density operator. A density 
operator p on Hilbert spaces % is a linear operator satisfying the following 
conditions: 

(1) (Trace condition) p has trace equal to 1, that is, Tr(p) = 1. 

(2) (Positivity condition) p > 0, that is, for any \ip) £ T-L, [ij)\p\^)) > 0. 

By D(H) we mean the set of all density operators on Hilbert space H. 

In practice, an absolutely closed system almost does not exist, because a 
system interacts more or less with its outer environment, and thus it is open. 
Then the evolution of an open quantum system is characterized by quantum 



operations 19(. A quantum operation, denoted by is a super-operator form 



L(Hi n ) to L(Ji out ) that has an operator-sum representation as 

£{p) = Y,E k pEt (1) 

k 

where the set of {E^} known as operation elements are linear operators from 
the input space %i n to the output space H ut- Furthermore, E is said to be 
trace-preserving if it satisfies the following completeness condition: 

E^= 7 ' ( 2 ) 

where / is the identity operator on Hi n . Any physical admissible operation is 
a trace-preserving quantum operation (also called a completely positive trace- 
preserving mapping). 
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In this paper, when referring to a quantum operation £ 1 we always means 
a trace-preserving quantum operation, and also it is assumed to have the same 
input space and output space. 

To extract information from a quantum state \ip), a measurement has to be 
performed. We consider here only the projective measurement that is defined 
by a set {Pi}™ =1 of so-called projective operators/matrices, where indices i refer 
to the potential classical outcomes of measurements, with the property: 



and with the completeness condition: X)T=i ^* = ^ ■ ^ n case a state \ip) is mea- 
sured with respect to the set of projective operators {P m }, then the classical 
outcome m is obtained with the probability 



2.2. Preliminaries from automata theory 

\S\ denotes the cardinality of set S. For non-empty set E, by E* we mean 
the set of all strings over E with finite length. \w\ denotes the length of string 
w. 

A DFA is a five-tuple A = (S, E, st,6, S a ) where S = {si, S2, ■ ■■ , s n } is a 
finite state set, E is a finite alphabet, si € S is the initial state, S a C S is 
the accepting set, <5:5xE— >S'isa state transition function^ for example, 
<5(s, a) = t means that the current state s changes to t when scanning a. 

We can also describe a DFA using the matrix notation. Let A a be an \ S\ x \ S\ 
matrix such that A a [z, j] = S(sj, a, Si). Then A a satisfies that each column has 
exact one 1 and else 0. Let tt be a column vector with the first entry being 1 
and else 0. Let 77 be a row vector satisfying r\i = 1 if s\ € S a and rji = if 
Si S a - Define a function Ja ■ E* — > {0, 1} as 




p(m) = ||P m |V)|| 2 



and the state \ip) "collapse" into the state 



P m \1>) 




f A (x) = TjA, 



• ' • A X2 A Xi tt. 



2 Without loss of generality, it is required that 8 is a total function. 
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Then = 1 iff A accepts x. If we relax 7r to be a probabilistic distribution 

and A(a) to be a stochastic matrix (each column is a probabilistic distribution), 
then we get a probabilistic finite automaton (PFA). 



3. Controlled operations 

Recall that in quantum information, there are a useful class of operations 



(gates) acting on composite systems, called controlled-U gates 19j, which cap- 
ture the idea "If A is true, then do B" . A controlled-U gate acting on two qubits 
has this action: \c)\t) — > \c)U c \t) (where c is the control bit, and t is the target 
bit; if c = 1, then U is performed on the target qubit; else, no change). 

How about the idea "If A is ture, then do B\\ else, do -B2"? This can 
be represented as: \c)\t) — > \c)U c \t), which means that if c = 0, then Uq is 
performed on the target bit; else, U\ is performed. Actually, this conditional 
operation can be generalized to a general bipartite system Hi <S> 7-L 2 hi the 
following form 

n 
i=l 

where is an orthonormal basis of Hi and are unitary operators 

on Hilbert space H2- 

Next, we extend the above conditional operation to quantum operations. 
Suppose that there is a projective measurement {-Pi}?=i w i tn n outcomes on 
Hi and there are a set of quantum operations on H2- The behavior of 

the bipartite system is: if the first subsystem was measured in result i, then 
Si is performed on the second subsystem. This behavior can be described by a 
quantum operation S that has the following operation elements 

{Pi ®El : % = I,-- - ,n,k G Ki} 

where {£'|}/ se j<- j are operation elements of Si, that is, Si{p) — J2keK ^kP-^k ■ 
It is to check that 



£ {Pi®Ei)\Pi ®e%) =1. 



i=l keKi 

Furthermore, for p <g) g <E L(Hi <g> H2), we have 



i=l 
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which captures the idea: if p was measured in i, then £ j is performed on g. 

In the above process, if the measurement {Pi}™ =1 is replaced by another 
general quantum operation T which is give by {Fj}™ =1 satisfying Yl7=i ^Fi — I 
where Fj £ L(Ki), then we get a new quantum operation £' that has the 
following effect 

n 
i=l 

where which £i is to be performed on g is depended on the performance of T 
on p. 

These controlled operations mentioned above will be useful in the reminder 
of this paper. 



4. Characterizations of hybrid models of QFA 

In this section, we will characterize several existing hybrid models of QFA 
which consist of a quantum component and a classical component. We provide 
an intuitive insight into the structure of these hybrid models, and show that 
all of them can be simulated exactljjfl by the model of 1QFA with quantum 
operations. In addition, we also mention that an early proposed model called 



ancilla QFA [21| represents the same model as 1QFA with quantum operations, 
and an ancilla QFA can also be regarded as a quantum sequential machine 
(22! [bi ] assigned with some accepting states. 

In the following, a finite (basic) state set is usually denoted by Q = {q±, q2, ■ ■ ■ 
T-Lq denotes the Hilbert space spanned by Q, which means that Hq — span{\qi) : 
i = 1, • • • , n} where each is an 71-dimensional column vector having 1 as the 
ith entry and else. L(Hq) denotes the set of all linear operator acting on T~Lq. 

4-1- One-way QFA with quantum operations 

In this subsection, we first recall the definition of 1QFA with quantum op- 
erations. For simplicity, we use the abbreviation MO-lgQFA (measured-once 
one-way general QFA) to denote this model, in accord with the name used in 



13| . Afterwards, we clarify the relationship of this model to ancilla QFA 21 1 



and quantum sequential machines 



22 



14 



Definition 1. An MO-lgQFA is a five-tuple M = (Q, S, {£ a } aeS , q x , Q a ), 
where Q = {(71,52, ■ ■ ■ ><?n} is a finite state set, S is a finite input alphabet, 



3 A QFA simulating another one exactly means that they have the same accepting proba- 
bility for each input string. 
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91 G Q is the initial state, £ a for each a € E is a quantum operation having 
operation elements {J5f , • • ■ , satisfying £)i=i 2?f ^-Bf = /, and Q Q C Q 

denotes the accepting state set, associated with a projector P a = J2 q eQ 

Given an input string, the machine starts with q\ and scans input symbols 
from left to right. On scanning a symbol a, the quantum operation E a is per- 
formed on the current state, resulting in a new state. After the last symbol has 
been scanned, a projective measurement is performed, determining to reject or 
accept. 

MO-lgQFA are thought to be a nice definition of QFA, since they possess 
nice closure properties and have a competitive computational power with their 
classical counterparts. This model has been studied in [9 j_ 1 j_ 13|, |26 1 . It is, 
however, worth mentioning that early before Hirvensalo 9|, |l0| suggested to 
study this model, an equivalent model called ancilla QFA had already been 
given by Paschen [21] . Ancilla QFA seem to have been forgotten by most of us, 
but they actually represent the same model as MO-lgQFA. In the following, we 
first recall the definition of ancilla QFA that has a one-way tape head. 

Definition 2. An ancilla QFA is a six-tuple A4 = (Q,T,,fl,5,qi,Q a ), where 
Q, E, qi and Q a are defined as before, f2 is a finite output alphabet, and the 
transition function 8 : Q x S x Q x f! — > C satisfies 

^2 S(q 1 ,cr,p,uj)*d(q2,(J,p,Uj) = < ' ?1 92 (3) 
p&Q^en [°> 9i 92 

for all states qi, q-2 € Q and a e E. 

In the above definition, for a € E and uj € £1, define an operator such 
that 

V„ lU = ^2 5{q v a,q l ,uj)\q l ){q : j\. 

Furthermore, define 

V a = ^2 V a , u <g> 



4 It can be assumed that for all a, the numbers of operation elements of £a are the same, 
since we can get a maximal k for all a and then add zero operator to those whose number of 
elements is less than k. 
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In matrix notations, we have 



V„ = 



( v ajUx \ 



which is a |f2||Q| x \Q\ matrix. Then, Equation <|3j> is equivalent to 

V}V a = V a,w V <r,u = I, 

which means that V a is an isometric operator from %q to %q ® Hq. 
Note that performing V a on state qj has the following effect: 

Suppose now that the machine is fed with a in the current state p. Then after 
scanning a, the state evolves to 

P = Tr n (V aP V2) = Tr n ]T V^pV^, ® \u)(u'\ = £ V^pV^. 

Thus, for each a € S, the evolution of the machine is characterized by a quantum 
operation £ a that has operation elements {V a ^ : a; € Jl}. As a result, an ancilla 
QFA is indeed an MO-lgQFA. 

On the other hand, given an MO-lgQFA in Definition [TJ we can construct an 
ancilla QFA such that S(qj,a, qi,u>) — (qi\E a:UJ \qj) where w G O = {1, 2, • ■ ■ , k}. 
The result ancilla QFA has the same behavior with the given MO-lgQFA. Con- 
sequently, Definitions [T] and [2] represent the same model, but in different forms. 

The above precess is summarized as follows. 

Fact 1. MO-lgQFA and ancilla QFA represent the same model. 

Remark 1. For ancilla QFA, one could have the question: how to deal with 
the output symbol at each step? A direct solution is to keep the output symbol 
at each step in an output tape, but one could worry that this will lead to that 
ancilla QFA are not properly finite, sine the length of the output tape depends 
on the input. On the other hand, the output tape is never read in the evolution 
of ancilla QFA. Thus, one can simply assume that the output symbol is reset at 
every step, and we adopt this assumption in this paper. However, it could be 
argued that resetting a symbol is an irreversible operation. If one cares this, he 
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can refer to Paschen [21| for a more complicated solution which is completely 
reversible and keeps the output tape's length constant. Note that a similar 
problem was also faced by MO-lgQFA, and Hirvensalo 0, E3| gave a reply. 

As shown in the above process, for ancilla QFA the transition function 5 
induces a set of isometric operator {V^^gs, and vice-versa. Hence, hereafter 
we always represent an acinlla QFA by M. — (Q, E, {V^}o- e £, <Zi, Qa) where 
Va's are isometric operators. 

In 21], it was shown that for any regular language, there exists an ancilla 
QFA to recognize it with certainty. Given that this result will be used later, 
we elaborate the construction process in the following. Our construction has a 



slight difference from the original one in [2l| . Suppose that there is a DFA A = 
(S, E, 5, si, S a )- We construct an ancilla QFA M = (S, E, fi, {V^aes, si, S a ) 
that has the same state set, alphabet, initial state, and accepting set with A 
and has an additional output alphabet Q that is simply set to be S. For each 
a e E, V a is given by 



V a = Y,W,<7)){s\®\s) n 



where \s)q means that at each step, the machine simply writes the current 
state s as its output symbol. It is easily verified that VjV a = Is where Is 
denotes the identity on Hilbert space Us- Furthermore, it is readily seen that 
the constructed ancilla QFA Ai satisfies the following properties: 

- at any time, the state has the form |sj)(sj| where Sj G S; 

- \t)(t\=Tr n (V a \s)(s\Vj) iftt = 5(s,a) for a e E. 

If let = \S(s,a))(s\ where s € S, then for each a 6 E, we get a quantum 
operation E a as £ a {p) — Eg P^s anc ^ it satisfies that \t)(t\ = £ a (\s)(s\) iff t = 
S(s,a). Thus, we get an MO-lgQFA M' = (5, E, {f CT } CTe s, si, S a ) simulating 
exactly the given DFA A. 

The above process is summarized in the following result. 

Fact 2. For each DFA, there exists an MO-lgQFA (or ancilla QFA) simulating 
it exactly. 

I — L 

Interestingly, the idea behind ancilla QFA was ever used in [20( to construct 
quantum interact proof systems (QIP systems, for short), although the authors 
might not be aware of this. In [20|, the authors presented an application of QFA 
to QIP systems where there was a result asserting that each regular language can 
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be recognized by a QIP system that takes a 1QFA as a verifier (Q, Proposition 
4.2). When referring to the proof of that result, one can find that the verifier 
constructed in 20( is very similar to the ancilla QFA that we constructed above 
to simulate a DFA. In that QIP system, at each step the verifier (i.e., a 1QFA) 
simulates a DFA's behavior and writes its current state as an output symbol 
that is to be erased by the prover. 

More interestingly, the model of ancilla QFA has closed relation to another 
quantum model called quantum sequential machines (QSIvljfl (^Ibl ]. For clearly 
explaining this point, we first recall the definition of QSM. 

Definition 3. A QSM is a five-tuple M. = (S, si, 7, 0, 5), where S is a finite set 
of internal states, si £ S is the initial state, I and O are finite input and output 
alphabets, respectively, and i5:IxSxOxS->Cisa transition function that 
satisfies 

S(x,s,y,t)5(x,s',y,t)* = ( ' (4) 



for all states s,s' £ S and every x € I. 



1 s = s' 



Intuitively we interpret S(x, s, y, t) as the transition amplitude that M prints 
y and enters state t after scanning x in the current state s. Thus, given an input 
string x = xi ■ ■ ■ x n £ I*, QSM A4 prints y = y\ ■ ■ ■ y n £ O* with a certain 
probability, denoted by p(y|x). In a QSM, what we care is the probability 
p(y|x) instead of acceptance or rejection. 

Remark 2. Now, if some accepting states are assigned to QSM Ai, and we no 
longer care what is the output, but focus on the accepting probability of the 
input, then we get an ancilla QFA. In a word, an ancilla QFA is essentially a 
quantum sequential machine assigned with some accepting states. 

In the reminder of this paper, we will characterize the structure of several 
hybrid models of QFA and show that all of them can be simulated exactly by 
MO-lgQFA and thus by ancilla QFA. Of course, one can simulate each coming 
hybrid model directly by ancilla QFA, which does not present any obstacle to 
us, but in the following we stick to using MO-lgQFA as our basic model, since 
MO-lgQFA have been widely accepted. Before doing that, we first recall a 
result that characterizes the languages recognized by MO-lgQFA. 



5 This model was also called sequential quantum machines, but we stick here to the name 
QSM. 



14 



Theorem 1 ( 13]). (i) The languages recognized by MO-lgQFA are regular 
languages; (ii) for each regular language, there exists an MO-lgQFA recognizing 
it. 



4-2. One-way QFA with control language 

Bertoni et al [6] introduced an QFA model called one-way QFA with control 
language (CL-1QFA, for short). The formal definition is as follows. 

Definition 4. A CL-1QFA is a six-tuple M = (<9,S,{t/ .} . e s,<?i,C,{P Ci } c< ec,>C), 
where Q, E, and q\ are defined as in the case of MO-lgQFA, U a is a unitary 
operator for each a G E, C = {c%, . . . , c^} is the set of possible outcomes associ- 
ated with a projective measurement {P Ci }i = n and C C C* is a regular language 
(called control language). 

In CL-1QFA M, on scanning a symbol a, a unitary operator U a is first 
applied and in succession the projective measurement with outcome set C is 
performed. Thus, on an input word x € E*, the computation displays a sequence 
y G C* of measurement results with a certain probability p{y\x) that is given by 



p{yi . . . y n \xi . . . x n ) 



t[(P yi u Xi )\ 



(5) 



where we define Yi7=i ^ = A-nA n -\ - ■ ■ A\. The computation is said to be 
accepted if and only if y belongs to a fixed regular language £ C C* . Visually, 
Bertoni et al 0] called language C control language. Thus the probability of Ai 
accepting x is 

P M (x) = p ( yi ■ ■ 

(6) 

yi...y n eC 

At first glance, the behavior of CL-1QFA is different from the conventional 
QFA. However, in the following we will show that a CL-1QFA is actually a 
special instance of MO-lgQFA. For that, we first clarify the structure of CL- 
1QFA. A CL-1QFA essentially consists of two components: 

(i) the quantum component that undertakes unitary operators and projective 
measurements; 

(ii) the classical component, i.e., a DFA accepting the control language C. 

Note that the alphabet of the DFA accepting C is the set of outcomes produced 
by the measurement of the quantum component. Thus, communication occurs 
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from the quantum component to the classical one. This is illustrated in Figure 

m 

In the following, we shows that for a given CL-1QFA A4, there exists an 
MO-lgQFA simulating it exactly. 

Theorem 2. Given a CL-1QFA M. with control language C accepted by a DFA 
A, there exists an MO-lgQFA M. simulating it exactly, with state set Q x S 
where Q and S are state sets of M. and A, repsetively. 



~T~ 



1 , 




\ , 




, ... i , 




U + P 


U + P 


U + P 


c l 


C 2 


c n 



'Accept 
► Reject 



Figure 1: A CL-1QFA is essentially a hybrid model consisting of two components: the quantum 
component and the classical component where one-way communication is allowed from the 
quantum component to the classical one. On scanning input symbol <Tj, the machine operates 
as follows, (i) First, in the quantum component, a unitary operation V ai is applied and in 
succession a projective measurement {P c : c E C} is performed, resulting in state ipi and 
producing outcome Ci with some probability, (ii) Next, in the classical component (i.e., the 
DFA accepting the control language C), once the measurement outcome, say Q, has been 
produced, the DFA scans ci and changes its current state Sj to a new one Sj+i = 8(si,Ci). 
The final state s n +i enters into an accepting state iff the sequence C1C2 • ■ ■ c n S C. Note that 
there exists communication from the quantum component to the classical one, indicated by 
thick dashed lines, but no in the opposite direction. 

Proof. The idea is that: there exist two QFA simulating the quantum com- 
ponent and the classical component, respectively, and the communication from 
one to another can be modeled by the controlled operation introduced in Section 
® 

The quantum component is represented by an MO-lgQFA 

A 1 = {Q,V,{£ l7 } ae v,quQa) (7) 

where Q, E and qi are the same as the ones in CL-1QFA M., Q a is simply set 
to be Q, and for each a € S, £ a acting on L(Hq) is represented by the set of 
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operation elements {£^} c6 e where 

El = P c U a (8) 

and {P c } ce c is the projective measurement in CL-1QFA A4. 

The classical component (i.e., the DFA accepting the control language C) 
can also be represented by an MO-lgQFA. Suppose that Ai = (S,C,5, si, S a ) 
is a minimal DFA accepting L. Then by Fact [21 there exists an MO-lgQFA 
A' 2 = (S,C, {J-" c } c6 Cj sij S a ) that has the same state set, alphabet, initial state, 
and accepting set with A2, and for each c € C, T c acting on L(Hs) is represented 
by the operator set {F s c } sS 5 where P s c — \S(s,c))(s\. By this, it satisfies that 
\t)(t\=F c (\s)(s\)i$t = 5(s,c). _ 

Now we construct an MO-lgQFA M. = (Q, S, {£ a }aeS, 5i, Qa) from Ai and 
„4 2 such that 

- Q = QxS; 

- $1 = 

- Qa — Q x S a , associated with projector 

ses a 

where Iq is the identity operator on Hilbert space Hq] 

- for each a e S, £ ff acting on £(%q) is constructed from £ CT and the set 
{J-" c } ce c- Specifically, E a has operation elements {£" s } ce c, s es where 

= El ® P? = P C (7 CT ® e))<4 

The above set satisfying the completeness condition is easy to verify. Fur- 
thermore, for p (g) q G L(Hq <8> "Hs), we have 

£r0> ® 0) = 2 p c u aP ulP c <g> Jv.( e ). 

Now let us check the behavior of Ai on an input string. Suppose that M. 
starts with the initial state si), and scans a symbol a. Then the result state 
is 

P = £r(|gi}(«l|® 

= J2 P cUa\qi) (qi\UiP c ® F c (\8i) (sj I) 
cec 

= ^P c C/ CT |( 7l )( 9 i|C/tp c ®|<)(t| 

cec 
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where t = S(si,c) as mentioned before. In this way, after scanning the whole 
input x = X1X2 • • ■ x ni the final state is 

Px= I0v)(0»l® \ s v)( s y\ 

y£C™ 

where \<j) v ) = Y[ n l=1 {P Vl U Xl )\ qi ) and s y = <J*(si,j/)fj Note that s y £ 5 a iff y e £. 
Thus the probability of A4 accepting x is given by 

P^{x) = Tr(P aP:c ) = Prob{s y € S„} = Prob{y 6 £} 
= Tr(^|^)<^|)= J] 

which gives the same value as Equation ([6]). Therefore, we have completed the 
proof. □ 

Remark 3. In [6| it was proven that the languages recognized by CL-1QFA 
are regular languages. This result is indeed a corollary from Theorem [2] and 
item (i) in of Theorem [TJ In addition, in [1 81 ) it was shown that for each regular 
language, there exists a CL-1QFA recognizing it. The idea can be described in 
Figure [T] as follow. First, the quantum component in Figure [T] is elaborately 
designed to function as a bijective mapping from S* to C* , so that each regular 
language C C E* is mapped to a regular language £ C C* . Then the classical 
component in Figured] is designed to be a DFA accepting £ . 

Remark 4. In Definitional if a quantum operation instead of a unitary operator 
is performed on scanning a symbol, then we get a more general model, and we 
call this model one-way general QFA with control language (CL-lgQFA, for 
short), represented by M — (Q,'E,{£ a } ae -£ > qi,C,{P Ci } Ci £c,£)- It is readily 
seen that the above process can be extended to this general model, and thus 
we obtain that for a given CL-lgQFA, there exists an MO-lgQFA simulating it 
exactly 



n 



P Vi U x 



4-3. 1QFA with quantum operations are not necessary to be measured many 
times 

As we know, for the two early proposed 1QFA models: measured-once 1QFA 
(MO-lQFA)tl7| and measured- many 1QFA (MM- 1 QFA) it has been shown 
that MM-1QFA are more powerful than MO-1QFA. Thus, when defining a new 



6 <5* : C* — > S is defined by: i) 5* (s, e) = s, and ii) S* (s, yc) = 6(6* (s, y),c). 
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QFA model, one often follows this line: define a measured-once version accom- 
panied with a measured-many version. However, many times of measurements 
do not always lead to enhancement on the computation power, as shown in [l3| 
that MO-lgQFA and their measured-many versions, denoted by MM-lgQFA, 
have the same language recognition power. Nevertheless, a slightly unsatisfac- 
tory point in |l3[ is that it has not been shown that for a given MM-glQFA, 
there exists an MO-glQFA simulating it exactly. In fact, this is true. Here we 
explain this fact in more details by dint of the model of CL-lgQFA mentioned 
in Remark^ By the way, this point can be explained from different viewpoints, 
for instance, 26] provided a concise explanation. 

An MM-lgQFA can be obtained from an MO-lgQFA by dividing the state 
set Q into three disjoint subsets Q ai Q r and Q n denoting the accepting, reject- 
ing, and non-halting set, respectively, and by performing a projective measure- 
ment onto the subspaces spanned by the three subsets when scanning each sym- 
bol. Explicitly, an MM-lgQFA is a seven-tuple M. = (Q, E, {£<r} CT e£, qi, Q a , Qr, Qn)- 
On scanning an input symbol cr, first £ a is applied on the current state, and then 
a measurement denoted by {P a ,P r ,Pn\ where P T — X^eQ \q)(q\ ( t = a , r , n ) 
is performed. If the outcome is a (r), then the machine halts by acceptance 
(rejection); else, it continues to scan the next symbol. 

We explain that for a given MM-lgQFA, there exists an MO-lgQFA simulat- 
ing it exactly. It follows from Remark|4]that it is sufficient to show there exists a 
CL-lgQFA simulating a given MM-lgQFA. Indeed, MM-lgQFA M given above 
can be simulated by a CL-lgQFA M' = (Q, E, {£ ct } ct6 e, qi,C, {Pc^tneC, £) 
with C = {a,r,n}, {P a , P r , P n } are the same as the ones given in M, and 
C = n*a{a,r,n}* , which is similar to the case that an MM-1QFA can be simu- 
lated by a CL-1QFA as pointed out in [tij]. 

Therefore, for 1QFA with quantum operations, it is not necessary to in- 
troduce their measured-many versions. It is, however, worth mentioning that 
difference still appears between the two versions if what we care is not the lan- 
guage recognition power, but some thing else, e.g., the expected running time, 
since a measure-many model can halt midway, but a measure-once model can 
halt only at the end of the input. The expected running time sometimes inter- 
ests us. For instance, a quantum programm with a terminal (absorbing) space 



2jj can be regarded as an MM-lgQFA. More specifically, a quantum program 



can be represented by V — {H, £ , p , {M , Mi}) where % is a Hilbert space, £ 
is a quantum operation, po is the initial state, {Mo, Mi} is a yes-no measure- 
ment. The program executes with initial state po, and performs £ to evolve into 
another state. At the end of each step, we check whether the program reaches 
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a terminal state or not by performing the measurement {Mo, Mi}. If the out- 
come is 0, then the program terminates; otherwise, the program enters the next 
step and continues to perform the quantum operation E . A vital property of 
the quantum program is the excepted running time. It is readily seen that the 
program is essentially an MM-lgQFA, but it is not suitable to replace it with 
an MO-lgQFA. 

4-4- QFA with quantum and classical states 

Ambainis and Watrous [4] proposed the model of two-way QFA with quantum 
and classical states (2QCFA, for short). The tape head of 2QCFA is classical, 
i.e., the movement of the tape head is regulated by a classical transition function. 
In spite of this restriction, 2QCFA are still more powerful that their classical 
counterparts. Indeed, as proved in [4], 2QCFA can recognize with bounded error 
non-regular languages L eq — {a n b n \n > 0} in polynomial time and palindrome 
language L pa i = {x G {a, b}*\x = x R } in exponential time. Note that no 2PFA 
can recognize with bounded error non-regular language in polynomial time fl2| 
and recognize with bounded error L pa i in any bounded time Q. Therefore, 
2QCFA are of particular interest and worthy of being characterized furthermore. 
For simplicity, in the following we first consider the one-way version of 2QCFA, 
denoted by 1QCFA. We will characterize the structure of 1QCFA using the 
approach developed before, and show that 1QCFA can be simulated by MO- 
lgQFA. All results obtained for 1QCFA can be extended to 2QCFA, which will 
be separately discussed in Subsection 14.61 The definition of 1QCFA is given as 
follows. 

Definition 5. A 1QCFA is specified by a 8-tuple M — (Q, S, S, O, <5, q%, s\,S a ) 
where, Q and S are finite sets of quantum and classical states, respectively, 
qi £ Q and si £ S are initial quantum and classical states, respectively, S is a 
finite alphabet, S a C S is the set of classical accepting states, 9 specifies the 
evolution of quantum states, and 5 specifies the evolution of classical states. 
More specifically, 6 maps each pair (s,a) £ S x S to a unitary operator or 
a projective measurement. In case 0(s, o~) is a unitary operator, <5(s, a) is an 
element of 5* specifying a new classical state. In case 0(s, a) is a measurement, 
(5(s, a) maps the outcome to an element of S, i.e., 5{s,o~){c) specifying a new 
classical state where c denotes a measurement outcome. 

On a given input x, 1QCFA Ai operates as follows. Initially, the quantum 
state is in q± and the classical state is in s\ and the tape head of A4 is scanning 
the leftmost symbol. Then M. scans the input from left to right, changing its 
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state according to and 5. On scanning a symbol a, the quantum state is first 
changed according to 0(s, a), where s is the current classical state and a is the 
currently scanned tape symbol, and afterwards the classical state is changed 
according to 5{s,a) (along with the particular result obtained from 0(s,er) in 
case 0(s,cr) is a measurement). When all input symbols have been scanned, 
M. checks whether its classical state is in S a . If yes, the input is accepted; else, 
rejected. 

For clarifying the structure of 1QCFA A4, we should take some technical 
treatments. For s E S and a £ S, let C SjCr be a finite set given by 




, c^.}, if 0(s, a) is a measurement given by {P Ci }i—i, 
0(s,ct) is a unitray operator. 

(9) 



In other words, C Sj(T denotes the performance result of 0(s,er) where in case 
0(s,er) is a measurement, C St<T records the set of possible outcomes, and in 
case 0(s,cr) is a unitary operator, we simply say it results in Co, a particular 
clement. No matter 0(s,er) is a measurement or a unitary operator, it is a 
quantum operation and can be represented as 

©M(p)= E e «p e «- ( 10 ) 

In case 0(s,cr) is a projective measurement, the elements {E Ci } are projectors. 
In case 0(s, a) is a unitary operator, the unique clement is the unitary operator 
itself. Of course, the completeness condition J2 Ci <£C 3 a E\.E Ci = I is satisfied in 
both cases. 
Denote 

C= u <v. 

Then the classical component can be represented by a DFA 

A= (5,S xC,6,si,S a ) (11) 

where S, si and S a are the same as defined in Ai, £ x C is the alphabet of A, 
and the transition function S is defined by 

g, / ss I 8(s,a), if c = c ; ^ 12 ^ 
1 5(s,a)(c), else. 

The structure of a 1QCFA is illustrated in Figure [2l from which one can 
readily capture the idea behind it. 
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Figure 2: A 1QCFA is essentially a hybrid model consisting of two components: the quantum 
component and the classical component where two-way communication is allowable. On scan- 
ning input symbol cr^, the machine operates as follows, (i) First, in the quantum component, 
a quantum operation 0(s;,ct;) (a unitary operation or projective measurement) determined 
by the current classical state Si and the currently scanned symbol cr^ is applied, resulting in 
a performance result (4>i,Ci) with some probability, (ii) Next, the classical component (i.e., a 
DFA) changes its current state to a new one Si+i = S(si, (cr;,Ci)), by scanning symbol cr; 
and the performance result C{ produced by the quantum component. The machine accepts 
its input iff the final classical state s n +l enters into an accepting state. Note that there ex- 
ists two-way communication between the quantum component and the classical one, which is 
indicated by thick dashed lines. 

Remark 5. In Figure^ it can be found that a 1QCFA reduces to a CL-1QFA, 
if the following restrictions are made: (i) the communication is prohibited from 
the classical component to the quantum one, (ii) the quantum transition func- 
tion is restricted to the combination of a unitary operator and a projective 
measurement, and (iii) the classical transition function 6 has no dependence on 
the input symbol a. As a result, CL-1QFA are included as a subset of 1QCFA. 
However, 1QCFA have not surpassed CL-1QFA in the sense of language recog- 
nition, since all of them recognize with bounded error regular languages. Thus, 
the communication from the classical component to the quantum component 
seems to be superfluous. Probably, two runs of communication are useful for 
saving states, which needs to be further considered. 

Next, we show how an MO-lgQFA can be constructed to simulate 1QCFA 
A4 given in Definition [S] First, note that the quantum component has state 
space %q and its evolution operation is 0(s, a) given in Equation (flO|) . Second, 
it follows from Fact [2] that for the classical component, i.e., the DFA given in 
Equation {jTTJ) , there exists an MO-lgQFA 

A' = (S, £ x C, {-F ff , c } CT>ceEx c, «i, S a ) (13) 
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such that \s)(s\ = F a , c (\t) (t\) iff s = S(t, (cr,c)) for (a,c) £ E x C. 

Third, construct an MO-lgQFA M — (Q, E, {4} ff gE, Qi,Qa) such that 

- Q = Qx S; 

- qi = 

- {^"o-jcres is constructed below. 

Each £0- should model the interactive communication between the quantum 
and classical components. As shown in Figure [3J on scanning a symbol a, the 
machine has two steps: (i) the evolution of the quantum component and (ii) 
the evolution of the classical component. In the first step, SjCr is chosen with 
dependence on the current classical state s. In the second step, T„,c is chosen 
with dependence on the performance result c £ C SjCr of the first step. Thus, (Ex- 
acting on L(Hq (£>Hs) can be given by the following operation elements 

{E c% ® F k E s :s£S,a£ C s , a , k £ K a , Ci } (14) 

where 

• E s = I s) (s I for s £ S, which is used to detect whether the current state is 

• for a fixed s, {E Ci } Ci< zc 3 „ are operation elements of 0(s,cx) as given in 
Equation fID|): 

• forafixedci, {Fk}keK a]C . are operation elements of Jv,cj > that is, Jv.ct (q) = 

Note that these indexes have the following dependence relationship 

S C s , a K a , Ci (15) 

which means that when s is fixed, the set C s _ a is chosen, and when Cj if fixed, 
K a . Ci is chosen. 

Next we verify that £ a given by Equation (fT4]) has modeled the behavior of 
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the original 1QCFA M.. First it satisfies the completeness condition: 
E E E {E Ci ®F k E s )\E Ci ®F k E s ) 

= E E ElE Ci ®Et[ Y WU 

= E ( E ElE c \®E\E s 
ses \c,ec s ,„ / 

=I Q ® E E * E » = I( 3 ® Is - 
ses 

Furthermore, for p (g) g e L(Hq (g) "Hs), by a direct calculation we have 

£a(/>®£)=E E S «P^®<«kl«>^,<=i(l s K a l)- 

The above equation intuitively captures the idea: if the current classical state 
is s, then Si<7 is performed on the quantum component, and furthermore if 
the performance result of Q s _ a is Cj, then F a _ Ci is performed on the classical 
component. 

For example, given the initial state |gi)|si), we have 

£r(|gi)<gi|®|si><si|)= E E M(^\ E i®^(\si)(si\) 

= E Ci \qi){qi\El®\U){U\ 

where ti = 5{s\, {a, Ci)). 

From the above process, it can be seen that the constructed MO-lgQFA M. 
simulates exactly the given 1QCFA A4. This is illustrated in Figure [3] 

The above results are summarized in the following. 

Theorem 3. Given a 1QCFA M. with Q and S as quantum and classical state 
sets, respectively, there exists an MO-lgQFA Ai simulating it exactly, with QxS 
as the state set. 

Form Theorems [1] and [3J we immediately obtain that the languages recog- 
nized by 1QCFA are regular languages. At the same time, from Figure [5] it 
is readily seen that for each regular language £, there exists a 1QCFA recog- 
nizing it. Specifically, in Figure [2] the classical component can be designed so 
that it ignores the performance of the quantum component and works a DFA 
to recognize C. These results are summarized in the following. 
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1 m e(s, t ;) = {£ s } Ciec 




s ^( s :( (7 ; c j)) > ^ with probability p.; 


= \\E r liMIP 


i^)i S ) — ^^ P = ^ E Ci m^\Ei 










8 \ti){U\ 







Figure 3: Simulating a step in a 1QCFA by one in an MO-lgQFA. The part above the line 
stands for an evolution step in a 1QCFA: with probability pi, the current quantum state |i/>) 
evolves to ^_ t , accompanied with performance result Cj (that denotes the measurement 
result if 0(s, a) is a measurement, else denotes cq); consequently the classical state s evolves 
to ti depending on c^. The part under the line stands for an evolution step in an MO-lgQFA: 
the current state |^>)|s) evolves to p where the state Ec '}^' > If A occurs with probability pi. 
Therefore, the two machines have the same behavior. 



Corollary 1. 1QCFA recognize exactly the class of regular languages. 

Another point worth mentioning is on the equivalence problem of 1QCFA. 
Two machines over the same input alphabet are said to be equivalent if they have 
the same accepting probability for each input string. The equivalence problem 
of a QFA model is that given any two machines of the same model, decide 
whether they are equivalent. This problem has been proven to be decidable for 
several quantum models Il5l |23L l24j . Specially, it has been proven that 



two MO-lgQFA A4i and M.2 are equivalent if and only if they have the same 
accepting probability for the input string with length no more than n\ + n\ — 1 
where n\ and «2 are the numbers of basic states of M.\ and M2, respectively 
(see 0, Theorem 9)0 This result together with Theorem [3] immediately leads 



to the decidability of equivalence problem of 1QCFA. 

Corollary 2. Two 1QFCA M.\ and M.2 are equivalent if and only if they have 
the same accepting probability for the input string with length no more than 
(fcini) 2 + (/c2«2) 2 — 1 where ki and rii are the numbers of classical and quantum 



7 In the original result, the bound was given by(ni + «2) 2 , but it can be slightly improved 
to n\ + n| — 1 by a more careful analysis on the original proof. 
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states of Mi, respectively, i= 1,2. 

Note that the above result also holds for CL-1QFA given in the previous 
subsection and 1QFAC appearing in the next subsection. Thus, the decidability 



of equivalence problem of CL-1QFA and 1QFA discussed in 15|, [24j follows 
directly from this paper. 

4.5. 1QFAC 



Recently, Qiu, Mateus, and Sernadas 24j proposed a new 1QFA model 



named 1QFA together with classical states (1QFAC, for short). Although the 
authors of 



24[ stressed that 1QFAC are not the one-way version of 2QCFA, 
1QFAC share some common characters with 1QCFA (i.e., one-way version of 
2QCFA) as shown below. Indeed, A 1QFAC is a hybrid model consisting of a 
quantum component and a classical component where communication is allowed 
from the classical component to the quantum one. The definition of 1QFAC is 
given as follows. 

Definition 6. A 1QFAC A is defined by a 9-tuple 

A=(S,Q,E,T, Sl ,q u 8,V,M) 

where: 

• £ is a finite set (the input alphabet); 

• r is a finite set (the output alphabet); 

• S is a finite set (the set of classical statesj; 

• Q is a finite set ( the quantum state basis ); 

• si is an element of S (the initial classical state,); 

• qi is an element of Q ( the initial quantum state ); 

• 6 : S x £ S is a map (the classical transition map); 

• U = {t4,o-}ses,<Te£ where U SiCr : Hq — > Hq is a unitary operator for each 
s and a ( the quantum transition operator at s and a ); 

• M. = {A4 S } S £S where each M s is a projective measurement overHQ with 
outcomes in T (the measurement at s). 
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Let M s = {F Sj7 } 7e r where P s/y 's are mutually orthogonal projectors and 
satisfy X) 7 er = • A specially case of the above definition is when V = 
{a,r}, where a denotes accepting and r denotes rejecting. In this case, A is an 
acceptor of languages over E. In this paper, when mentioning a 1QFAC, we 
always mean an acceptor. 

The machine starts with the initial classical state si and the initial quantum 
state q\. On scanning an input symbol cr, U SiCr is first applied to the current 
quantum state, resulting in a new state, where s is the current classical state. 
Afterwards, the current classical state s changes to t — S(s, a). If the machine is 
in classical state s and quantum state after scanning the whole input string, 
then a measurement M s is performed on giving the probability of accepting 
the input by ||P S>0 |V>|| 2 . 

The structure of a 1QFAC is illustrated in Figure HI which can be regarded 
as a variant of Figure[5]by restricting 8(s, a) to unitary operator U Sy(T (thus no 
communication is required from the quantum part to the classical one) and by 
changing the acceptance fashion. 
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Figure 4: A 1QFAC is essentially a hybrid model consisting of two components: the quantum 
component and the classical component where one-way communication occurs from the clas- 
sical component to the quantum one. On scanning input symbol Ui, the machine operates as 
follows, (i) First, in the quantum component, a unitary operator U Bi ,cr i determined by the 
current classical state Si and the currently scanned symbol Ui is applied, resulting in a new 
quantum state, (ii) Next, the classical component (i.e., a DFA) changes its current state Si 
to a new one Si+i = <S(sj,<Tj). The final state s n +i determines a projective measurement 
performed on the quantum component, resulting in acceptance or rejection. Note that there 
exists communication from the classical component to the quantum one, indicated by thick 
dashed lines, but no in the opposite direction. 

By a similar idea as before, we can construct an MO-lgQFA to simulate 
1QFAC A exactly. First, the quantum component has state space Hq, and at 
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any time its evolution is characterized by a unitary operator which is controlled 
by the current classical state. Second, the classical component is a DFA and 
thus can be represented by an MO-lgQFA M — (S, E, {J" (7 } (7 gs, si) (without 
specifying its accepting set S a ), satisfying that \t)(t\ — J r a (\s)(s\) iff t = 5(s, a). 
Then we construct an MO-lgQFA 

A = (Q, E, {fcrjcres, qi,P a ) 

where 

- Q = S x Q; 

- q\ = (si,qi); 

- Z a and P a are given below. 

For each a £ E, £ a acting on L(%s ® is given by 

£(7 = {To ®T)oE a 

where X is the identity supper-operator on L('Hq), and E a is given by operation 
elements {E s — \s)(s\ <S) U s , a } se s- Given p® g e L^Hs ® Hq), we have 

£ a (p g e ) = 5^<a|p|a)Jv(|a)(s|) ® U.^gU^, 

which captures the idea: if the current state of the classical component is s, 
then J7 Sj(7 is performed on the quantum component, and furthermore s changes 
to another state according to T a . 

Instead of specifying the set of accepting states^ we specify here the final 
projective measurement {P a , Pr}- Suppose that each s G S induces a projective 
measurement Ai s = {P s , a , P s ,r}- Then we let 

Pa=Yl \ s i)( s i\® P n,a 

and 

Pr = \ s i)( s i\® P *i,r- 
Si£S 

It is easily verified that P a and P r form a projective measurement. 

The constructed MO-lgQFA A has the same behavior as that of the given 
1QFAC A. This is illustrated in Figure [SJ 

The above results are summarized as follows. 



Specifying an accepting state set is essentially equivalent to specifying a projective mea- 
surement. 



— * — *t = 5(s,a) 
U s . 
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Figure 5: Simulating an evolution step in 1QFAC by one in MO-lgQFA. The part above the 
line stands for a step in 1QFAC and the one under the line stands for a step in MO-lgQFA. 
It can be seen that they have the same behavior at each step. Suppose that a measurement is 
performed at the end. Then they have the same probabilistic distribution over the set {a, r}. 



Theorem 4. Given a 1QFAC with Q and S as its quantum and classical state 
sets, respectively, there exists an MO-lgQFA simulating it exactly, with S x Q 
as its state set. 



Remark 6. In [2J] it was proven that the languages recognized by 1QFAC are 
regular languages. This result can now be seen as a corollary of Theorem U and 
item (i) in Theorem [TJ Also, it is readily seen that for each regular language £, 
there exists a 1QFAC recognizing it. For that, the classical component in Figure 
|4]can be designed to be a DFA accepting C, and the quantum component can 
be assumed to be a qubit having two states |0) and |1), with |1) as the initial 
state. Each operator U is simply set to be I. If s is an accepting state, then let 
P S:a = |1)(1| and P S:r = |0)(0|; otherwise, let P s , a = |0)(0| and P s , r = |1)(1|. 



Note that the authors of [24| proposed a question: If 1QFAC are allowed 
to be measured many times, i.e, measurements are performed after reading 
each symbol like MM-lgQFA, then how about the language recognition power 
of 1QFAC? From the results in this paper, it follows that measurement times 
have no impact on the language recognition power of 1QFAC, since for each 
measured- many version of 1QFAC, there exists an MM-lgQFA simulating it 
exactly, and thus exists an MO-lgQFA simulating it exactly. 
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4-6. Discussions on hybrid models with two-way tape heads 

In the previous subsections, we characterized the structure of three hybrid 
models: CL-1QFA, 1QCFA and 1QFAC, and showed that they can be simulated 
exactly by MO-lgQFA. We unify the three hybrid models in Figure [6] 



An input tape 





c 2 








A tape head 





A quantum finite control unit A classic finite control unit 




Figure 6: A diagram illustrating the idea behind the three hybrid models: CL-1QFA, 1QCFA 
and 1QFAC. On scanning an input symbol, communication will occur between the two units. 
In CL-1QFA, the quantum unit writes its measurement result into the communication cell 
and then the classical unit reads it. In 1QCFA, there are two runs of communication: (1) the 
classical unit writes its current state into the communication cell and then the quantum unit 
reads it; (2) the quantum unit writes its performance result into the communication cell and 
then the classical unit reads it. In 1QFAC, the classical unit writes its current state into the 
communication cell and then the quantum unit reads it. 

Next, we consider the two-way variants of these hybrid models introduced 
before, i.e., in Figure El the tape head is allowed to move in two ways and the 
movement is regulated by the classical unit. We hope some further study will 
be devoted to such models. First we have a look at the two-way variant of 
1QCFA, that is, 2QCFA which have been disscused by 4]. A 2QCFA is almost 
the same as a 1QCFA, except that the tape head of 2QCFA that is regulated 
by the classical unit is allowed to move towards left or right and even to stay 
stationary. In other words, the classical component of a 2QCFA is a two-way 
DFA (2DFA)§ Furthermore, it can be assumed to be a unidirectional 2DFAI I 



9 More specifically, the 2DFA can be thought to have two heads: one is the tape head 
which can move in two ways to scan the tape symbol, and the other one is to access the 
communication cell. 

10 A unidirectional 2DFA means that each state can be entered only in a unique direction. 
Any 2DFA can be simulated by a unidirectional 2DFA by increasing some states. 
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and thus its transition function can be described by two mappings S : S X T, — > S 
and D : S — > { — 1,0,1} that maps a state to a direction. Therefore, Figure 
[21 accompanied with a mapping D, is sufficient to illustrate the structure of 
2QCFA. A little difference is that in a 2QCFA, the set of classical states S is 
usually divided into three subsets: 5 acc , S re j and S\ (S aC c U S re j), and at each 
step, if the current classical state is in S acc (or S re j), then the machine halts 
with acceptance (or rejection); otherwise, continues to do the next step. It is 
worth mentioning that the quantum Turing machine model studied by Watrous 



25| is also a hybrid model that has a similar structure as 2QCFA. Or in other 



words, 2QCFA can be regarded as a degenerated version of the model in [25j by 
deleting the work tape. 

We can also consider the two-way variants of CL-1QFA and 1QFAC. For 
instance, if the classical component in Figure Q] is represented by a 2DFA and 
the classical states are divided into halt states and non-halt states, then we get a 
CL-2QFA. In Figure [4j if the classical component is a 2DFA and a measurement 
determined by the current classical state is performed at each step, then we 
get a 2QFAC. Then, how about the language recognition power of CL-2QFA 
and 2QFAC? Specially, CL-2QFA can be regarded as special cases of 2QCFA, 
which is similar to relationship between CL-1QFA and 1QCFA as mentioned 
in Remark [5] It has been shown that CL-1QFA and 1QCFA have the same 
language recognition power. Then, an question is: are CL-2QFA as powerful as 
2QCFA? 

In addition, one can also define two-way variants of MO-lgQFA. Such models 
can be defined to be unidirectional, that is, the moving direction of the tape 
head is determined by the state, as done in ll| . It is not difficult to see that CL- 
2QFA, 2QCFA and 2QFAC can be simulated exactly by such two-way models 
as in the one-way case. However, there seems to be no clue on the problem 
whether they have the same computational power. 



5. Conclusions 



In the literature, there are three hybrid models of QFA: CL-1QFA, 2QCFA, 
and 1QFAC which are distinguished from other QFA models by consisting of 
two interactive components: a quantum one and a classical one. These models 
are of particular interest and worthy of further consideration in that they are 
more realistic than fully quantum models, and often save states efficiently com- 
pared with classical models. Our contributions in this paper are summarized 
as follows, (i) First, we have characterized the structure of these models in a 
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uniform framework: each hybrid model can be seen as a communication system, 
and the communication between two components can be modeled by controlled 
operations. Our results have provided an intuitive insight into the structure 
of these models, (ii) Second, we have clarified the relationship between these 
hybrid models and other models. Specifically, we have shown that CL-1QFA, 
1QCFA, and 1QFAC can all be simulated exactly by MO-lgQFA. Some results 
in the literature concerning the language recognition power and the equivalence 
problem of these hybrid models follow directly from our results. Note that 
MO-lgQFA and another early proposed model called ancilla QFA represent the 
same model, but in different forms. Ancilla QFA can also be regarded as quan- 
tum sequential machines assigned with some accepting states. The relationship 
between these models are illustrated in Figure [7] These results obtained for 
one-way hybrid models can also be extended to their two-way versions. 

QSM 

Remark 2 

MM-1gQFA Ancilla QFA DFA 

Fact 1 /_ 



MO-1gQFA 




1QFAC 1QCFA < CL-1QFA 

Remark 5 




Figure 7: A diagram illustrating the relationship between the models mentioned in this 
paper. A one-directional arrow denote that the model at the tail can be simulated by the one 
at the head; for instance, 1QCFA can simulated by MO-lgQFA. A bidirectional arrows mean 
that the two models associated by it can simulate each other. The label on the arrow denotes 
where the result associated with the arrow can be found. For example, the result that 1QFAC 
can be simulated by MO-lgQFA can be found in Theorem [4] Note that all the models in the 
diagram except QSM have the some language recognition power, and recognize only the class 
of regular languages. 
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